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Abstract
Kerr/CFT correspondence has been recently applied to various types of 5D ex-
tremal rotating black holes. A common feature of all such examples is the existence
of two chiral CFT duals corresponding to the U(1) symmetries of the near horizon ge-
ometry. In this paper, by studying the moduli space of the near horizon metric of five
dimensional extremal black holes which are asymptotically flat or AdS, we realize an
SL(2,Z) modular group which is a symmetry of the near horizon geometry. We show
that there is a lattice of chiral CFT duals corresponding to the moduli points identi-
fied under the action of the modular group. The microscopic entropy corresponding
to all such CFTs are equivalent and are in agreement with the Bekenstein-Hawking
entropy.
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1 Introduction
The statistical mechanical interpretation of the Bekenstein-Hawking entropy of black holes
seems to be an everlasting source of inspiration in quantum gravity. The work of Strominger
and Vafa [1] which is known as the first attempt to calculate entropy of black holes by
counting the corresponding microstates implies that, in principle any gravity solution should
have various CFT duals.
A recent approach in this direction is the Kerr/CFT correspondence [2], which is intrin-
sically a generalization of Brown-Henneaux approach [3, 4] to AdS/CFT correspondence
[5, 6, 7]. Extremal Kerr-AdS metrics in 5, 6 and 7 dimensions are studied in [8], and
BMPV black hole is studied in [9]. CFT dual of 5D extremal rotating Kaluza-Klein black
holes is investigated in [10]. Some examples of extremal black hole/CFT correspondence
in 4D and 5D gauged and ungauged supergravities are considered in [11]. Embedding of
such correspondence in string theory for some 5D solutions is studied in [12, 13]. All of
these calculations are based on the periodicity of the circles of the near horizon metric
and enhancement of the corresponding U(1) symmetries to the Virasoro of a dual chiral
CFT. By choosing special boundary conditions, it is shown that there is a CFT dual as-
sociated to each of the circles, with the same CFT entropy that is in agreement with the
Bekenstein-Hawking entropy.
In this paper we study the moduli space of the near horizon metric of five dimensional
extremal rotating black holes that are asymptotically flat or AdS. We show that there is
an SL(2,Z) modular group generated by the usual transformations τ → τ + 1 and τ →
−1/τ , where τ is a definite moduli of the geometry, that leaves the Bekenstein-Hawking
entropy invariant. The operation τ → −1/τ interchanges the two circles of the near horizon
geometry, so maps the CFT’s corresponding to these circles into each other. The operator
τ → τ+1 leaves one of the circles intact but adds it once to the other circle. These operations
are symmetries of the near horizon geometry but map a given CFT dual to another CFT.
Thus the SL(2,Z) modular group assigns a lattice of CFT duals corresponding to the moduli
points identified under the action of the modular group. By using the Cardy formula we
show that the CFT entropy of all of these CFTs are equivalent and are in precise agreement
with the Bekenstein-Hawking entropy.
The organization of this paper is as follows. In section §2, we study the moduli space of
the near horizon geometry of 5D extremal rotating black holes that are asymptotically flat or
AdS. In section §3 we use the Brown-Henneaux method to define the Virasoro generators
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in terms of the asymptotic symmetry group of near horizon geometry and compute the
associated central charge. In section §4 by studying the behavior of the matter field near
the horizon of the black hole we compute the Frolov-Thorne (FT) temperature [17] and the
CFT entropy for the lattice of the CFT duals. The consistency of boundary conditions is
shown in section §5.
2 Extremal 5D Rotating Black Holes
In the Brown-Henneaux method [3, 4], the first step to construct the CFT dual to a ge-
ometry, is to realize the metric of the near horizon geometry [2, 8, 9, 10, 11, 12, 13]. The
general form of near horizon of rotating black holes in 5D that are asymptotically flat or
AdS is given in [14]. In this paper we follow the conventions of [11],
ds2 = −(1 + rˆ2l−2)dtˆ2 +
drˆ2
1 + rˆ2l−2
+ rˆ2(dθ2 + cos2 θdφˆ21 + sin
2 θdφˆ22), (1)
where l−2 is the cosmological constant. For deriving the near horizon geometry of the
extremal limit, it is suitable to use the following coordinate transformations [11]
rˆ = r0(1 + εr), φˆ1 = φ1 + Ω
0
1tˆ, φˆ2 = φ2 + Ω
0
2tˆ, tˆ =
t
2πr0T
′0
H ε
, (2)
where r0 is the radius of horizon in the extremal limit, Ω
0
i are the angular velocities on
the horizon, and the quantity T
′0
H is derivative of Hawking temperature with respect to the
outer horizon radius at itself,
T
′0
H :=
∂TH
∂r+
∣∣∣
r+=r0
. (3)
The near horizon metric of the extremal five dimensional black hole is obtained in the
ε→ 0, which gives
ds2 = A(θ)
(
−r2dt2 + dr
2
r2
)
+ F (θ)dθ2 +B1(θ)(e1 + C(θ)e2)
2 +B2(θ)e
2
2,
e1 = dφ1 + k1rdt, e2 = dφ2 + k2rdt,
(4)
where A,Bi, C and F are only functions of θ , 0 ≤ φi ≤ 2π and 0 ≤ θ ≤ π. This metric can
be viewed as an S3 bundle over AdS2. The constants ki = (2πTi)
−1, in which Ti are the FT
temperatures defined as follows [11],
Ti = lim
r+→r0
TH
Ω0i − Ωi
= −
T
′0
H
Ω
′0
i
. (5)
Thus the parameter space of asymptotically flat or AdS 5D black holes, is seven dimensional
with parameters A,Bi, C, F, ki.
The last two terms of the metric (4) can be realized as a torus
ds2
T2
= (R1)
2|e1 + τe2|
2, (6)
where
R1 =
√
B1, τ = C + i
√
B2
B1
. (7)
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The generators of the SL(2,Z) modular group of T2 are
τ → −
1
τ
, τ → τ + 1. (8)
The action of the modular group of the torus can be extended to the parameter space of
the near horizon geometry (4) as follows
(C,B1, B2, k1, k2)→ (−C|τ |
−2, B1|τ |
2, B2|τ |
−2,−k2, k1), (9)
(C,B1, B2, k1, k2)→ (C + 1, B1, B2, k1 − k2, k2), (10)
with A and F invariant. The corresponding change in the metric (4) can be compensated
by a redefinition of the φi coordinates given by
φ1 → φ˜1 = −φ2, φ2 → φ˜2 = φ1, (11)
φ1 → φ˜1 = φ1 − φ2, φ2 → φ˜2 = φ2. (12)
Thus, the SL(2,Z) modular transformations (9) and (10) are symmetries of the near horizon
geometry (4).3 Consequently, the Bekenstein-Hawking entropy for the extremal black hole
SBH =
1
4
∫
dθdφ1dφ2
√
F (θ)B1(θ)B2(θ), (13)
is invariant under the SL(2,Z) modular group. Here and henceforth we set G5 = 1.
3 Asymptotic Symmetry Group
The asymptotic symmetry group (ASG) of a near horizon metric is the group of allowed
symmetries modulo trivial symmetries. By definition, an allowed symmetry transforma-
tion obeys the specified boundary conditions [2]. A possible boundary condition for the
fluctuations around the geometry (4) is,
hµν ∼ O


r2 1/r2 1/r r r
1/r3 1/r2 1/r 1/r
1/r 1/r 1/r
1 1
1

 , (14)
in the basis (t, r, θ, φ1, φ2). This boundary conditions are consistent with the SL(2,Z) sym-
metry of the near horizon geometry given in (4). This should be contrasted against the
3By transformations (11) and (12), the orientation and the periods of the near horizon geometry do not
change.
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boundary conditions,
h(1)µν ∼ O


r2 1/r2 1/r 1 r
1/r3 1/r2 1/r 1/r2
1/r 1/r 1/r
1 1
1/r

 , (15)
h(2)µν ∼ O


r2 1/r2 1/r r 1
1/r3 1/r2 1/r2 1/r
1/r 1/r 1/r
1/r 1
1

 , (16)
considered in [8, 9, 10, 11, 12, 13] which are not consistent with the modular transformation
τ → τ + 1 and by τ → −1/τ get mapped into each other.
It is easy to show that the general diffeomorphism preserving the boundary conditions
(14) is given by,
ζ =
[
C +O(
1
r3
)
]
∂t + [rǫ(φ1, φ2) +O(1)] ∂r +O(
1
r
)∂θ
+
[
λ1(φ1, φ2) +O(
1
r2
)
]
∂φ1 +
[
λ2(φ1, φ2) +O(
1
r2
)
]
∂φ2 , (17)
where ǫ(φ1, φ2) and λi(φ1, φ2) are arbitrary smooth periodic functions of φ1 and φ2. The
traceless condition for hµν indicates that
ǫ(φ1, φ2) + ∂φ1λ1(φ1, φ2) + ∂φ2λ2(φ1, φ2) = 0. (18)
Thus the ASG contains a class of generators
ζ = λ1(φ1, φ2)∂φ1 + λ2(φ1, φ2)∂φ2 − r [∂φ1λ1(φ1, φ2) + ∂φ2λ2(φ1, φ2)] ∂r. (19)
A subalgebra of the generators (19) is a Virasoro algebra [ζm, ζn]Lie = −i(m−n)ζm+n, where
ζm = −e
−imφ1∂φ1 − e
−imφ2∂φ2 − imr(e
−imφ1 + e−imφ2)∂r, (20)
corresponding to λi(φ1, φ2) = λi(φi), i = 1, 2 in Eq.(19).
3.1 Central Charge
Charges associated to the diffeomorphisms (17) are defined by [15, 16],
Qζ =
1
8π
∫
∂Σ
kζ[h, g], (21)
where ∂Σ is spatial surface at infinity and
kζ[h, g] =
1
2
[ζν∇µh− ζν∇σh
σ
µ + ζσ∇νh
σ
µ +
h
2
∇νζµ
− h σν ∇σζµ +
1
2
hνσ(∇µζ
σ +∇σζµ)] ∗ (dx
µ ∧ dxν), (22)
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in which ∗ denotes the Hodge dual in 5D. Since we are interested in the solution which
remains extremal we set Q∂t to zero.
In the Brown-Henneaux approach [3] the central charge is given by
1
8π
∫
∂Σ
kζm [Lζn, g] = −
i
12
c(m3 −m)δm+n,0. (23)
For the metric (4) and diffeomorphisms (20), the central charge is
c =
3(k1 + k2)
2π
∫
dθdφ1dφ2
√
F (θ)B1(θ)B2(θ) =
6(k1 + k2)SBH
π
. (24)
That is, c = c1 + c2 where ci = 6π
−1kiSBH , i = 1, 2, are the central charges of the two
CFTs associated to the φi circles in [11]. This result is in agreement with the central charge
c = cgrav+cgauge assigned to the four-dimensional Kerr-Newmann-AdS-dS black hole viewed
as a 5D solution [18].
In general, the central charge of each point in the lattice of CFT duals defined by Eqs.(9)
and (10) is given by
c(m,n) =
6(mk1 + nk2)SBH
π
, (25)
where m = a + c and n = b+ d in which,(
a b
c d
)
∈ SL(2,Z). (26)
Notice that, the SL(2,Z) modular symmetry is absent if one of the ki is zero (like
supersymmetric 5D black ring) since the components gtφi are not of the same order in
r. For such cases the central charge in the Brown-Henneaux approach is expected to be
equivalent to the central charge that can be calculated in the usual AdS/CFT approaches.
This is verified for the supersymmetric 5D black ring in [19].
4 Frolov-Thorne Temperature and Entropy
The FT temperature can be determined by identifying quantum numbers of a matter field
in the near horizon geometry with those in original geometry [8]. For the chiral CFT given
by (20) a matter field can be expanded in eigen modes of the asymptotic energy ω and
angular momentum m as
Φ =
∑
ω,m,l
ϕωmle
−i(ωt−mφ+)fl(r, θ), φ± = φ1 ± φ2, (27)
since [ζ0, φ−] = 0. Using (2), the identification
e−iωtˆ+imφˆ+ = e−intt+inφ+ , (28)
implies that
n = m, ω = 2πr0T
′0
Hnt + (Ω
0
1 + Ω
0
2)n. (29)
Considering the Boltzmann factor,
e
−
ω−m(Ω1+Ω2)
TH = e
−(
nt
Tt
+ n
T
)
, (30)
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one obtains
1
Tt
=
2πr0T
′0
H
TH
1
T
=
(Ω01 − Ω1) + (Ω
0
2 − Ω2)
TH
. (31)
It is easy to show that at the extremal limit we have
Tt = 0,
1
T
=
1
T1
+
1
T2
, (32)
where Ti = (2πki)
−1 are the FT temperatures of the two CFTs which are associated to the
φi circles in [11]. The FT temperature of each point in the lattice of CFT duals is given by
T(m,n) =
1
2π(mk1 + nk2)
, (33)
where m and n are similar to the ones used in Eq.(25). Using the Cardy formula, one can
obtain the statistical entropy of dual CFT as follows which is in precise agreement with the
Bekenstein-Hawking entropy (13),
Smic =
π2
3
c(m,n)T(m,n) = SBH. (34)
5 Consistency of boundary conditions
In this section we give explicitly the form of charges associated to the time translation
generator ∂t and the general diffeomorphism generators given in Eq.(19). As mentioned in
Eq.(21) the charge associated to the generator ζ is given by
Qζ =
1
8π
∫
∂Σ
kζ[h, g], (35)
in which
kζ[h, g] =
1
2
[ζν∇µh− ζν∇σh
σ
µ + ζσ∇νh
σ
µ +
h
2
∇νζµ
− h σν ∇σζµ +
1
2
hνσ(∇µζ
σ +∇σζµ)] ∗ (dx
µ ∧ dxν). (36)
Given k∂t in Eq.(37), one verifies that the generator of time translation Q∂t = 0. This is
a necessary condition for consistency of our calculations. We had started with extremal
solutions (4) and Q∂t = 0 ensures that by the boundary conditions (14) extremality will
not be violated. Furthermore, since the component of kζ given in Eq.(39), that contribute
in Qζ is independent of r, the charges Qζ are finite under the boundary condition (14).
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The explicit form of k∂t is given by,
4
k∂t =
r
A2B1B2
d
[
(10B1B
2
2 Ck1k2 − 6AB1B2)(λ1dφ2 + λ2dφ1)
+ (A2B1 + A
2B2C − AB1B2k
2
2 )(
∂2λ1
∂φ22
dφ2 +
∂2λ2
∂φ22
dφ1)
+ (A2B2 − AB1B2k
2
1 )(
∂2λ1
∂φ21
dφ2 +
∂2λ2
∂φ21
dφ1)
− 2(A2B2C + AB1B2k1k2)(
∂2λ1
∂φ1∂φ2
dφ2 +
∂2λ2
∂φ1∂φ2
dφ1)
+ 4B1B2(k
2
2 B2λ1dφ2 + k
2
1 B1λ2dφ1)
+ 6B1B2(k
2
1 B1λ1dφ2 + k
2
2 B2λ2dφ1)
+ 2B1B
2
2 C(k
2
1 λ2dφ2 + k
2
2 λ1dφ1) + 2B1B
2
2 k1k2(λ2dφ2 + λ1dφ1)
+ 2B1B
2
2 C
2(3k 21 λ1dφ2 + 2k
2
1 λ2dφ1 + k1k2λ1dφ1)
]
∂Σ
∧ dθ + k⊥∂t , (37)
where k⊥∂t includes terms with components transverse to the boundary. So,∫
∂Σ
k⊥∂t = 0. (38)
Likewise,
kζ =
1
2A2
[
2(
∂λ1
∂φ1
λ2 − λ1
∂λ2
∂φ1
+ λ1
∂λ2
∂φ2
C)B2(k1C + k2)
− 2
∂λ1
∂φ2
λ2(k1B1 + k2B2C) + k2A
∂2λ1
∂φ21
(
∂λ2
∂φ2
+
∂λ1
∂φ2
)
+ 2Aλ1(k1
∂3λ2
∂φ21∂φ2
+ k2
∂3λ1
∂φ21∂φ2
) + k1A
∂λ1
∂φ1
(
∂2λ1
∂φ21
+
∂2λ2
∂φ1∂φ2
)
+ k2A(
∂2λ1
∂φ22
∂λ2
∂φ2
+
∂λ1
∂φ2
∂2λ2
∂φ1∂φ2
)
+ k1A
∂λ2
∂φ1
(
∂2λ1
∂φ1∂φ2
+
∂2λ2
∂φ22
) + 2k1(B1λ1
∂λ2
∂φ2
−B2C
2λ2
∂λ1
∂φ2
)
+ 2k1A(λ1
∂3λ1
∂φ31
+ λ2
∂3λ1
∂φ21∂φ2
+ λ2
∂3λ2
∂φ1∂φ
2
2
)
+ 2k2A(λ2
∂3λ2
∂φ32
+ λ1
∂3λ2
∂φ1∂φ22
+ λ2
∂3λ1
∂φ1∂φ22
)
]
dφ1 ∧ dφ2 ∧ dθ
+ k⊥ζ . (39)
Summary
We showed that the moduli space of the near horizon metric of five dimensional extremal
black holes that are asymptotically flat or AdS has an SL(2,Z) modular symmetry which
4Our convention is ǫtrφ1φ2θ = 1.
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leaves the Bekenstein-Hawking entropy invariant. By using the Brown-Henneaux approach,
we obtained CFTs associated to the points in moduli space which are identified by the
modular group. In this way we realized a lattice of chiral CFTs dual to any such geometry.
The microscopic entropy of each lattice point is equivalent to the Bekenstein-Hawking
entropy.
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